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SU’MMARY
A simplifiedmethodhasbeendevelopedforthecalculationfheat
transferandsk@ frictioninthecompressibleamin.arboundarylayer
withanarbitraryPrandtlnumbernearunityandanarbitrarystreamwise
pressuregradientandwalltemperaturedistribution.By comparisonof
numericalresultswith someexactsolutions,themethodis shownto
giveaccurateresultsforthecaseofboundary-layercoolingwhena
certainfifth-degreepolynomialisusedforthethermalprofile.The
useofthispolynomialalsoresultsinrecove~factorswhichare
accuratetowithina fewpercentonboththeflat”platesadthecircu-
larcylindernormalto theflow.
Themethodmaybe extendedto calculationfheattransferwith
equilibriumdissociationprovidedthewalltemperature-isbelowdis-
sociationtemperatures.A numericalexamplefortheheattransferin
thestagnationregionofa bluntbodyshowsthatequilibriumdissocia-
tionprobablyhaslittleeffecton theactualheat-trsmsferrate.
Theeffectoflateralradiusof curvatureon skinfrictionand
heattransferisinvestigatedforcompressibleflow. Theapproximate
methodused.hereindicatesthatthiseffectisnegligibleunlessthe
squarerootof thewallReynoldsnurtiber(basedonbodylengthandthe
gaspropertiesevaluatedatthewalJ_)isoftheorderof or lessthqn
100timesthebodyfinenessratio.
INTRODUCTION
Thecalculationf thelaminarboundarylayerwithanarbitrary
pressuregradientisasyetimpracticalexceptby theVonK&rm6n-
Pohlhausenintegralmethods.Ingeneral,thesemethodsaresomewhat
tedioustoapply;however,recentimprovementshavereducedthecalcu-
lationswithzeroheattransfertoa simplequadratureof certain
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functionsoftheknownfree-streamvelocityandtemperaturedistribu-
tions.Thesevariousrefinementswhichbothsimplifyandimprovethe
accuracyoftheba”sicintegralmethodshavebeendevelopedby Thwaites
(ref.1),Truckenbrodt(ref.2),amdothers.(Seediscussioninref.3.)
RottandCrabtree(ref.3)haveextendedthemethodofThwaitesto com-
pressibleflowwithzeroheattransferanda Prandtlnumberofunity.
MorduchowandClarke(ref.4)havealsotreatedtheproblemof compres-
sibleflowwithzeroheattransferanda Prandtlnumberofunityby a
differentapproachwhich,forpracticalpurposes,givesresultsofequal
accuracyandequalsimplicityof calculation.Themethodofreference4
resultsinvelocityprofilesof sufficientaccuracyforstabill~calcu-
lations,whereasthemethodsof references1 and3 cannotbe usedfor
thispurpose.
Iftheheattransferisincludedasanotherunknown,theproblem
ismorecomplicated,particularlyforanarbitrarysurfacetemperature
distribution.Dienemann(ref.5)hasshownthatthecalculationwith
heattransferin incompressibleflowcanbe s~lifiedby application
of theHolstein-Bohlenv rsionoftheVon&man-Pohlhausenmethod.
Foran isothermalsurfaceanda Prandtlnumberofunity,Morduchow
(ref.6)usesassumptionssimilartothoseinreferencek to simplify
theproblemofheattransferona sweat-cooledwallin compressible
flow.Theworkofreference6 isam extension(toincludea normal
velocityat thewall)of themethodofKalikhman(ref.7)whichalso
givesdetailedresultsonlyfora Prandtlnumiberofunitybutisnot
restrictedtoan isothermalsurface.Thestagnation-temperaturepro-
filesareassumedas fourth-degreepolynomialsinthenormaldistance
inbothreferences6 and7.
Recenttheoreticalndexperimentalwork(forexample,refs.8 to
l-l)hasindicatedthatboundarylayersinhigh-speedflowmaybe laminar
at relativelylargeReynoldsnvnibersunderconditionsofboundary-layer
coolingandfavorablepressuregradients.Therefore,theaccuratecal-
cuktionofheattransferandSW frictionundertheseconditionsis
of considerableinterest.‘Thepurposeofthepresentpaperisto trace
thedevelopmentofa methodbywhichthesecalculationscanbemade
withrelativesimplicity.Thepresentmethod,whichisessentiallya
modificationfKalikhman’smethod(ref.7),usesanarbitraryPrandtl
numbernearunityandseveraldifferentstagnation-temperatureprofiles
in conjunctionwitha fourth-degreevelocityrefile.Theprincipal
7simplifyingassumptionsandproceduresare(1 equalthermalandveloc-
itybountiry-layerthicknesses,(2)linearviscosity-temperaturerela-
tion,(3)useofthefirstcoefficientinthepolynomialforthe
stagnation-temperatureprofileasoneoftheunknownsinthefinalsolu-
tionofthemomentumandener~equations,and(4)applicationfthe
Holstein-Bohlenm thodtoavoidtheuseofthesecond erivativeofthe
streamvelocity.Theresultsintheformofheat-transferandsldn-
frictioncoefficientsandrecoveryfactorsarethencomparedwithexact
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solutionsforthenonlsothe~lflatplate(ref.12),stagnationflow
(refs.13and14),andflowovera cylinder(ref.15). Therecovery
factorsona cylinderarecompsredwiththesupersonicdataofEber
(ref.16).
Theeffectsofequilibriumdissociation(asgivenbyMooreforthe
flatplateinref.17)ontheheattransferata surfacecoolerthan
about2,000°R inthepresenceofa veloci~gradientarealsoconsidered
inthepresentanalysis.A numericalexampleisthengiventhatshow%
theapproximateeffectofdissociationi thestagnationregionof a
blunt-nosebody.
Afterthepresentinvestigationwascompleted,theauthorlearned
ofa paperbyPaulA. LibbyandMorrisMorduchowofthePolytechnic
InstituteofBrooklynwho,insomeinstances,usedproceduresand
assumptionssimilartothoseof thepresentsmalysis.Theirmethod
useda sixth-degreepolynomialforthevelocityprofileanda seventh-
degreepolynomialforthestagnation-temperatureprofile.Although
thesixth-de&reev locityprofileisprobablynecess~ forstabil.i~
calculations,theseventh-degreethermalprofile,as indicatedby this
analysis,in somecasesgiveslessaccurateresultsthana simpler
fourth-orfifth-degree~hermalprofile.
SYMBOLS
A1,A2,. . . coefficients
ao,al,. . .~ constantsin
~,B2, . . . coefficients
b1,b2,. . . coefficients
ofvelocityprofile(eq.(I-2))
expressionforwalltemperature( q.(47))
forstagnation-enthalpyprofileZ (eq,.(I-6))
forthedensi~function(eq.(26))
Cf meanskin-frictioncoefficient
&+.?%
lQP~
Cf localsldn-frictioncoefficient
% specificheatat constantpressure
Fr “IocaI”recoveryfactor,(eq.(62))
.“
Fr‘ “localfreestream”recoveryfactor(eq.(63)) “
4’
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Te
stagnationenthalpy,h+:
staticenthalpy
constants(eq.(75))
conductivi~
characteristicdimension
Machnumber
constant,
;-*
Nusseltnumiber
degreeofpolynomialforwalltemperature(eq.(47))
pressure
localconvectiveh at-transferrate
radialdistancefromaxisforcylindricalcoordinates
absolutetemperature
walltemperatureforzeroheattransfer
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t T
TW=L
@l
T* U2stagnationtemperature,T+%
t
Te
te=— T*l
H - Hw
F=$=
‘1 H1 - Hw
t* ‘H - Hw = H - CWTW for Tw< 2,000°R
u
v
Y~’(o)
z
CL,CL1,CQ . . .
velocityinx-direction
velocityiny-direction
velocityratio,u/ul
boundary-layercoordinates;
heat-transfer
innotation
psrsmeterfor
ofref.12
Y = O isbodysurface
nonisothermalf atplate
-1r-rw1%= Cos Y
7
A
1
A* =A J (1-0
computationparameterdefinedby eqy.ation(67)
constantiinener~-losstticlmess(eq.(35)),numerical
valuesgivenin-tableT
ratioofspecificheats
L
(approximately1.40forair)
nominalboundary-lsyerthicknessin x,q plane
. .. -- ... . -.— .-. —.—
.——-—
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e
displacementthichessin x,rIplane(eq.(23))
J
‘Y
Dorodnitsynvariable,
~dy() P*1
modifiedDorodnitsWvariableforslenderbody(eq.(A7))
momentum-lossthicknessin x,rIplane(eq.(22))
A modifiedPohlhatisenparameter(eq.(15))
h’ modifiedPohlhausenparameterforslenderbody(eq.(AI-4))(
P viscosity
P
P*
massdensity
stagnationdensity
Prandtlnumber,cpM/k ,
localshearstress
energy~ossthicknessintegralh X,TIplane(eq.(24))
_-— .——
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Subscripts:
1
co
w
Boro
P
.
“densityintegral,A~l(;- $,+
streamat infinity
values
constantreference
localfreestreamjust“outside”boundarylayer
free
wall
some
flat-platevalues(zero
quantity
pressure~adient)
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BASICEQUATIONS
In thefollowingdiscussion,theboundary-lsyerequationsand
theirintegralsaregivenin theirmostgenerslformwheretheonly
restrictionssrethatthegasisa continuumandthattheboundary
lsyeristhincomparedwitha characteristicdimensionofthebody,
thatis,thecharacteristicReynoldsnumberofthebodyis large.For
applicationtodissociation,two-additionalrestrictionsareused.
Theserestrictionsareas follows:theassumptionof equilibriumdis-
sociationthroughoutsothatno rateprocesstermsarerequiredin
theenergyeqpation(seeref.17),andtherestrictionthatallwalJ-
temperaturesarelessthanabout2,000°R. Thetwo-dimensionalequations
onlyareconsideredhereinsincetheresultsmaybe extendedtoaxisym-
metricflowby Mangler’stransformation(ref.18)exceptwhereconditions
aresuchthattheboundary-layerthicknessisof theorderofthelateral
radiusofthebody. Theeffectsoftheseconditionsareinvestigatedin
detailintheappendixfora slendercylinderalinedparalleltothe
flow.
The
Momentum
boundary-lsyerequationsforsteadyflowarewrittenasfollows:
equation:
a?0=5
(1)
(2)
-. .— ——.——— _,_
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Continuityequation:
a
~Pu+: pv=o
llner~equation:
~2
or intermsofthestagnationenthal.pyH = h + ~,
c
~H
‘“&+pv
wherethePrandtlnumberu isdefinedas
(3)
(4)
(5)
.
.
Integrationf
conditionsu . v .
equation(1)acrosstheboundarylayer(withthe
O aty=O andu.ul aty=co) andtheuse
of”equations(2)and(3)resultin
(6)
dp dul
whereBernoulli’sequation~ =
-Plul~ hasbeenusedforthepres-
suregradient,andthefree-streamstagnationdensity@l isassumed
constantalongtheedgeof thebounda~layer.
.
.——. —
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similarly,
resut in
9
integrationfeqm,tion(5)andtheuseofeqpation(3)
(7)
wherethefree-stresintagnationenthalpy
TransformationtotheDorodnitsynvariable
H1 isassumedconstant.
~ definedas
(8)
resultsin
and
‘his
(1)a t*Pw%rUW(P*JR1,all“ w .
(9)
(lo)
derivationof equations(9)and(10)followsthatofreference7.
——- ——... —..-.
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VELocm ANDENTHAWYPROFILES
TheusualprocedureintheVonK&m&Pohlhausenintegralmethods
istoassumethevelocityprofileasa polynomialinthenormaldistance
Parameterq. Thefourth-degreepolynomialissufficientlyaccuratefor
mostengineeringpurposesexceptstabi~tyinvestigationsandprediction
of separationas shown,forexample,inreferences4 and19forzero
heattr-fer. Thereisnowayofknowingbeforehandwhetherthesame
conclusionsarevalidin thepresenceofheattransfer.However,since
thepresentanalysisis concernedmainlywiththeeffecton theheat
transferofdifferententhalpyortemperatureprofiles,thefourth-
degreepolynomialforthevelocityprofileisusedthroughoutfor
simplici~in calculation.
Thevelocityprofileisthenwritten
u
-w=
~–
A17*+A2(v*)2+A3(q*)3+~(~*)4 (u)
Theusualbounda~valuesarespecifiedat theedgeofthebounda~
layersuchthat,at V*=1, “
w= 1
aw_.
aq*
a% .0
a(q*)2
Fromtheseboundaryconditionsandequation(n), thefollowingrelations
areobtained: 7
Al =
()
aw =U+A
~v 6
A3 H.>a%.3A-U6 a(q+w 6
>
A4 _6-A
6
A= [1.a%-2A2=---7ah+)~
——.—. _——
(12)
.
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Inorderto simplifytheremaining
tointroducetheassumptionsthat,
surfaceonly,
P =
boundsrycondition,it is convenient
intheimmediatevicini~ofthe
(13)
,Iw
Emil
Theseassumptionsshouldnotbe undulyrestrictivesolongasthesurface
temperatureislessthan2,000°R (thatis,wellbelowthedissociation
temperatureofthegas)sincepw maybe evaluatedas accuratelyas
desiredto correspondto TV. Evaluatingequation(1)at y = O and
usingequations(13),(14),(8),and(12)gi’kthereq@ed expression
for A as
()PIP*12 dulA2‘A=——Pw Pw z (15)
Ina similarmannerthestagmtionenthalpyprofileiswrittenas
a generalpolynomialin q*,
whereup to six
takenas twoor
=B17*+B2(v*)2+B3(?l*)3+B4(7*)4+ . . . (16)
termswillbeused. Theedgeboundaryconditionsare
moreasymptoticrequirementsat T*= 1 andare
where n isa positiveinteger.
.—.———.— .—-—.——— _ ———— —..—— —..
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Eqpations(17)implytheass~tion thatthethe-l andveloCitYboundarY
byersarealwaysofequalthiclmess.In contrasto thisassumption,
Morduchow(ref.6)hasassumedthatthethermalandvelocitylayersare
alwaysinthesameratioonanyparticularbody. Theresultsofthe
exactsolutionofBrownandDonoughe(ref.L3)ofwedge-me flowswith
Prandtlnumberof0.7,however,indicatethatthenominalvalueofthis
ratiois.approximtelyunityfora widerangeofpressuregradientsand
walltemperatures.Furthermore,thecomputatio~ofLevy(ref.20)
Ashowthat,evenfora Prandtlnumberas&ge as 5,thet erml boundary-
layerthicknesscanbe consideredasroughly70percentof,thevelocity
bounda~-layerthiclmessbecauseoftheasymptoticnatureoftheprofiles.
As willbe shownsubsequently,theresultsofthepresentanalysisindi-
catethattheassumptionofeqyations(17)givesgoodaccuracywhenused
ina certaincombinationtiththewall-boundaryconditionsforeq-tion(16),
Thesewallboundaryconditionsaredetermi=dfromeq~tion(5) ‘.
anditsfirstderivativewithrespecto y evaluatedat ,y’= ‘O.With!.I
theuseofequations(13)and(14)~ thetransfo~t}~~fo~as fr’~ ~
equation(8),thewallbounda~conditionsfortheqnthalpyprofilemay
be writtenas
()#t*—=(1af w
i’
{,
1
1
wheretheadditionalassumptionshavebeenusedthat a and % are
constantverynearthewafi. Byusingequations(l$!)andtheassumption
thatthethermalandveloci~boundarylayersareofequalthickness,
equations(18)and(19)canbewittenas
a% ()U12 12+ A 22B2= = (1- aw)~ 6a(q*]2 (m)
(Eq.(15)hasalsobeenusedineq.(19).)
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GENERALMETHODOFSOLUTION
.
Thegeneralprocedureforthesolutionofequations(9)and(10)
consistsofusingtwoormoreoftheasymptoticrequirements(eqs.(17))
andoneorbothofthewallconditions(eqs.(20)and(21))suchas to
specifyallbutoneofthecoefficientsofthestagnationenthalpypro-
fileintermsof A andthelmownexternalflow.Theremainingcoef-
ficientofequation(16),say BI,and A willthenbethetwounhewn
quantitiestobe foundfromthesimultaneoussolutionofequations(9)
and(lo).
Beforethesolutioncsmbe effected,explicitexpressionsforthe
integralsof thevelocityandenthalpyprofilesarereqtired.Thus,
asusualforthefourth-degreevelociwprofile,themomentum-loss
thicknessintegralis
e 1
-= J ((w-w2)dq*=— -~-$)A. 2537
andthedisplacementthicbessis
(=)
(23)
Thegeneralexpressionfortheenergy-lossthicknessintegralis - \
obtainedas
l W
,,
.,,
-,j
L lB-—lB-— lB-— lB lB-—}~-~ 1 ~40 2 )280 3 5044-~5 &B6 (24)
——.—_._—
where B2,B3, . . . willbe expressedintermsof B1 throughthe
boundmyconditions(eqs.(17),(20),and(21)).Thecorresponding
expressionfor A*/A is
whichwillbeusedinthesolutionfortheflowofa perfectgas.
Theonlyinteal inequations(9)and(1.0)asyetunspecified
containsthedensityprofilePJP. Forthegeneralcasewhereequi-
libriumdissociationwillbe considered,thedensityratioas determined
fromthedataofreference.17canbe satisfactorilyapproximatedby a
fifth-degreepolynomialintheenthalpyh andis
Ingeneral,thequantitiesbl,b2, . . . willdependonthelocal
pressure;however,as a firstappro-tion thesequantitiesaretreated
as constants.Fora perfectgasandconstant~, eqwtion(26)reduces
Theenthalpyratioh/~ isexpressedinterms
dropprofileT by therelation
ofthestagnation-enthalpy-
fromthedefinitionof ~. Fora perfectgas,thiseqmtionreducesto
.
,-
,.
—.——— —.
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‘Thedensityintegral~ =
~’(+ - &).,* c!annowbe expressed
intermsof A andthestagnationenthalpyprofilecoefficients
B1,B2, . . .. Thisintegralis toolen@hytorepeathereforthe
generalcasetithdissociation;however,fora perfectgas,itbecomes
Thelocalskin-frictioncoefficientisby definition
or,whentransformedto ~*,
wCf=
()
‘Wlaw
—. —
~Pu P*lA aq*w211
(28)
Then,byusingequations(15)and(12),thegeneralrelationis obtained
(29)
whichisdependentonlyonthewalltemperature,theexternalflow,and
theparameterA.
Similarly,thelocalconvectiveh at-transferrateisdefinedas
4J%=-zw
or,whentransformedto 7*,
(m)
.— ----- -— .—— - -—— —— ———
—- —---
—.———- —-..———-- ———
thengivestherelation
r%#w y.
‘useofequations(15)and(1.6)inequation(30)
(31)
whichisdependentonthewalltempe=ture,theexternalflow,and
both A and B1.
APPLICATIONTXlFLOWOFA PERFECTGASmCONSm ~ ~ u
Generalequations.-Whentheresultsof theprecedingsectionare
usedfora perfectgastogetherWth theassmptionthatthethermal
.
andvelocityboundarylayersareofequalth.iclmess,equations(9)and ‘
(10) canbe writtenas .
i
1 W&w 12+A
U1(P*1)2A 6
and
1
(32)
(33)
As anillustrationfthedetailedproceduke,a fifth-degreet mpera-
turepolynomi~isusedinthefollowingdevelopment.Thispolynomialis
chosensoasto satisfytwoconditionsattheedgeoftheboundarylayer
andtwoconditionsatthewall.At theedgeoftheboundarylayer,that
is,at T*= 1,
)
P
==1
(*)
x_. /-
av*
— —
3D
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Thesetwoconditionsat 7*= 1 give -
B4=5- 4B1- 3B2- 2B3
and
‘5=-4+ 3Bl+~2+B3
Equations(24)and(25)maythenbewrittenas
~ = a+ ~B1 + a#2 + a3B3+ ~(~ + ~BI + WB2 + ~B3) (35)-
and
A*.2 lB1-—.. - . &B2-&B3
A 35 (36)
wherethe u‘s areconstantsand B; and B3 dependonthelmown
externalflow,theparameterh,andthewalltemperaturedistribution
asdeterminedfromthetwowall.conditions(eqs.(20)and(21)).Nuneri-
calvaluesofthe a constantsaregivenintableI. Fora perfectgas
andconstantcp)thesewallconditionscanbewrittenas
-,.12(12;,)2Y
B2=(1-u) 2
!P@~ 1-q’f
and
(37)
TV
where ~w = —.
T*1 \
.—.———— .——=———.. .— —
.. —
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dul dul
Comparisonwithflat-plateflow:~ = O.-For ~ = O, the
momentumegyation(32)reducesto ,
de_2 %
dx U1(P*1)2A
since A =“0. Byusingequation(22)(with1
be writtenas
37 ~. -
—— -315& UI(P*1)2A
whichby integrationgives
‘=O),thisequationcan
JxA2=4Z+ 1 %Pw ~U1(P*1)2o
Equations(37)and(38)cannowbewrittenas
Y+ %2
B2 = 4(1- u)
5(1 - yw)
T1
and
(39)
(41)
(42)
Theenergyeqm.tion(eq.(33))is@tten forthefl-atp~te as
(43)
.
.
—.—————
..— .
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orby usingequation(35)with A = O
and(40),equation(43)maybewritten
19
andequations(41),(42),(39),
as
(44-)
where fw=~
f“l%% o lJwPwM.
Integrationfequation(W) givesthe
requiredsolutionfor B1.
Inorderto comparetheresultsdirectlywiththoseofreference12
itis convenienttoset fw= x,whereupontheexpressionfor B1 is
1a-—2+
37
where ~= —and m=~-; Fromequations(30)and(kO),the1.260r&u“
heattransferis ‘
.—
. -.— .—-— — .. —.
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where ~ = ~ ~ = & fora constant~ and IS.TheChapman-
kl PI PIP1
Rubesinpolynomialforthewalltemperaturedistribution(ref.12)is
TV Te m
—=
—+ x’T1 T1 n+ anx (47)
Substitutingequation(45)(withTw givenbyequation(47))into
equation(46)andintegratingresultin
(48)
Thus,in orderto evaluatetheaccuracyoftheheattransferobtd.ned
fromthepresentmethodby usinga fifth-degreet mperatureprofile,
theexpression
r[1 37a5a 420 2 ( )1210 an a 1—n+ a3u—- -——m 315 37 37 2n+m (49)
istobe comparedwiththequanti~
-Yn’(0)inthenotationofrefer-
ence12..Thiscomparisoncanbe obtainedfromfigure1 whereexpres-
sion(49)isplottedagainstn forseveraldifferenttemperaturepro-
files. (Numericalvaluesofthe a constantsaregivenintableI for
severalofthethermalprofilesused.)Theresultsareidentifiedtith
thecorrespondingtemperatureprofileby designatingthedegreeofthe
polynomialandthenuniberofwalland,edgeboundaryconditionsu edto
formthetemperatureprofile.Thequantity-Yn’(0)fromreference12
isplottedinthesamefigure.Alsoshowninthisfigureisa tableof
———
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thepercenterrorintheheattransferas computedfromthevarious
thermalprofilesfor n = O whichcorrespondstothecasewith %=O.dx
ComparisonoftheresultsofthepresentmethodwiththeChapman-
Rubesinonisothermalf at-platesolutionshowsthatthesixth-degree
(1wallboundarycondition,4 edgeboundaryconditions),fifth-degree
(2wall.,2 edge),andsixth-degree(2wall.,3 edge)stagnationtempera-
tureprofilesmaybe expectedtoyieldsatisfactoryheat-transfercom-
putationswhenthewalltemperaturedistributioncanbe approximated.
by a polynomialinwhichthelowerorderterms(n< 5)predominate.
However,it isimportanttonotethata polynomialforthewalltempera-
tureisnotreqtiredinthepresentmethod.Thus,a generalconclusion
applicableh reisthattheheat-transfervalueswouldbe insomeerror
towardstherearofthebody(~> 9 ‘f‘he‘qeratme ‘Strib”tion
inthisregionis characterizedby largegradients.Thereasonfor
theerrorinthepresentmethodunderthisconditionisprobab~
theassumptionofequalthermalandvelocityboundary-layerthicknesses
sincetheexactsolutionofreference20 shornthatthethiclmessof
thethermalayerisreducedby increasingn.
Forthepurposeof comparisonwiththeexactsolution,theequi-
libriumtemperature
equation(45)with
Tw = Te = constant.
Te fortheflatplatecanbe obtainedfrom
Bl = O (correspondingto qw= O) and
Thus,
or
T&=l+7-1
T1 2 M12+4 %(1 - u)~;%2
fromwhichtherecoveryfactoris
Fr=l+4~l-a)
.— . . . . . . &_ ________ —.-
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Thevaluesof
againstu in
Fr forsixdifferenttemperatureprofiles
figure2. Thesevaluesaretobe compared
NACATN 3005
areplotted
withthe
(recoveryfactorfromtheexactsolutiontakenas Fr = @which iS
alsoplottedinfigure2. .
Therecoveryfactorsresultingfromtheuseofthefifth-degree
thermalprofile(with2 walland2 edgebou&ry conditions)are
evidentlyaccuratetowithina fewpercentovertherangeofPrandtl
numbersapplicabletogases.Notethatforthessmenumberofwall
boun~ conditionstherecoveryfactorapproachesunityasthenumber
of stresnconditionsisincreased.Thissomewhatanomalousresultcan
probablybe attributedtotheeffectoftheassw@ion ofequalvelocity
—
andthermalboundary-layerthl.clmesses.
Thewallshearstress
()
Tw=pw—$.
is independentofthetemperatureprofileandcan
by transformingto q* and
bewrittenas
(x)
usingequation(~) for A andequations(12)
aw()for — with h=O.aq*~
Notethatequation(~) canbe putintothesameformasthe
correspondingresultinreference12by settingCw = C underthe
integralonly,where C isa constantequialtotheaveragevalueof ~.
ThisconstantC wasusedina similarmannerinthesolutionofrefer-
ence12;’hence,equation(50)differsfromtheexactsolutiononlyinthe
valueofthenumericalfactor~~ whichisabout3 percentoohigh.
Comparisonwithstagnationflow:U1 approachesO.-Approximate
expressionsfortheheattransferinthestagnationregionofa blunt-
nosebodycanbe derivedby notingthat,inordertoavoidinfinite
valuesof dO/dXand dq/dxas U1 approachesO inequations(32)
and(33),thefollowing“equationsmustbe satisfied:
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[2e+t5*+(Tr-l)A~~ - ‘fi2 ‘6+ 1 = O(P*l)A
and
dul k%
—- B1=O
‘dx a(P*J2A
By usingeqyation(15),theseconditionscm be writtenas
and
.
Pl_Tw _
whereforthiscase
h T1
and B3 arebothzerosothat
(51)
U1 = O, thequantitiesB2
(35)~d (36)
(52) , .
and
Tw
~
= ~w. For
fromequations
(53)
(%)
Notethat theconstantsgiven
ularfifth-degreet mperature
profile,theco~t~ts Cm be
desiredboundaryconditions.
natingB1 betweenequations
betweenTw and h:
inequation (5k)applyonlyforthepartic-
profileusedinthissection.Foranyother
easilyobtainedfromequation(25)andthe
Usingeqpations(53)md (%) ~d el~-
(51)and(52)givethefollowingrelation
—— .—— ——-———-
—.— .—. ——
___— . . . . .
—
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(Eqs.(22)and(23)are
Defininga Nusselt
andusingequation(31)
.
)(JI 2g+b* 2)+$.++2%)=0(55,~? A T-3
5*
)
usedfor ~ and ~.A
numberforstagnationflowas
Nu = G
kl(Tw- T*1)
gives
.
Nu
[
~ B1
=— —
r
VI&
(56) “
plLdul
.—
~1 ti
forconstant~ and a. Thisexpressionisplotted’againstTw/Tl in
figure3 forfivetemperatureprofiles.Thecorrespondingvaluesfrom
theexactsolutionsof references13and14sreplottedinfigure3 for
comparison.Apparently,thepresentmethodcanbe expectedto give
TV
accurateresultsforthistypeof flowonlyfor — < 0.7 andwhenthe%1
fourth-orfifth-degreet mperatureprofilesareusedwithtwoedgecon-
altions. Considerationoftheshapeofthetemperatureandvelocitypro-
filesgiveninreference13indicatesthattheerroneousresultsofthe
presentmethodforlkatingconditions
()
%
—>1 areprobablydueto the
T1
inherentlimitationsofthevelocityprofileratherthantotheassmnp-
tionofequalthermalandvelocityboundary-lqerthicknesses.
Comparisonwithexperimental.recoveryfactors:~ = O.-The
recoveryfactorsona flatplatewerecalculatedwithgoodaccuracy
by usingthefifth-degreestagnation-temperatureprofilewithtwoedge
andtwowallboundaryconditions.(Seefig.2.) Therefore,asa
furthercheckontherangeofapplicabilityof thepresentmethod,
—— .-——. ..-——
41J
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thisparticularprofileonlyisusedto computetherecoveryfactors
ona circularcylinderforcomparisonwiththedataofEber(ref.16).
Forzeroheattrsasfer,qw= O;hence,fromequation(31) B1 = O
andtheintegralmomentum.smdener~ equations(eqs.(32)and(33))may
. thenbewrittenas
and
( dul dteq+~~—+. 1 )—=0&- ‘lti-te-l&—
where
Tw Te
—=
—=teT*l T*1
.
and
‘%=—
‘IL
(57)
(58)
(59)
.. . . . _________
——-.. .. .
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Thequsmti~ Z h& beenintroducedtoavoidtheuseof.d2ul/dx2as
isdoneintheHolstein-Bohlenm thod.Ecpation(15)wasusedfor A2
in equation(’59). ‘
A relationbetweenA and te canbe obtainedby integrationf
eqution(58)whichgives
since,at x=O, ul=Ofor
P
.= O fora bodywitha sharpL
(37),(38),ad (15),equation
-l)= constant’= O (@)
a bodywitha bluntleadingedgeand
leadingedge.Byusingequatio~(35),
(&l) canbe written
—
—
(61)
whichcanbe integratedby substitutinga newdependentvariablefor
te-l. ‘rhus,eqy.a.tions(57),(59),and(60 aretobe solveds~-
taneouslyfor Z, A, and te.
Intheterminolo~ofreference21,the“local”recoveryfactor
isdefinedas
T1te-—
Fr = T*1T1
-—
1 PI
(62).
.
.
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whereasa “localfreestream”recoveryfactorisdefinedas
t~ .
Tm
@-
Fr’= m
1 Tm. -—
T*m
(63)
whereingeneralT*l= T*m. Bothoftheserecoveryfactorshavebeen
calculatedby thepresentmethodfora circularcylinderwithaxis
normaltotheflow.Thevaluesof U1 and dul/dxneeded~ thecal--
culationweredeterminedfromunpublisheddataobtainedintheGasDynan&
icsBranchoftheLangleyLaboratory.Thesedatawererunata free-
streemMachnuniberof1.98andfree-streamReynoldsnumberbasedon cyl-
inderdiameterof1.2x 106. Theresultingpressuredistributioncould
be closelyappro~ted by theempirical.relation
;=& IQ2(0.67+ o.98Cos3.27=)+ 1
w
(64)
for o ~~<o.96. (ThesymbolL denotesthediameter.)
Thegeneralprocedureusedinthecalculationwasas follows:As
a firstapproximation,itwas assumedthat te= 1; equations(57)and
(59)werethensolvedsim@taneouslyfor Z and A by themethodof
isoclines.BY Ustigthesevaluesof A,a secondapproximationtothe
valuesof te againstx wasobtainedfromeqy.ation(61).Withthe
newvaluesof te,theprocesscanthenbe repeatedto convergence.
Actually,intheexamplegiven,thesecondapproximationfor te was
sufficientlyaccuratesincetheuseofthissecondapproximation
producedno significantchangeinthevaluesof A againstx
determinedfrumequations(57)and(59).
TherecoveryfactorsFr and Fr’ resultingfromthiscalculation
havebeenplottedinfigure4. Thevaluesof Fr’ fromthe&ta of
Eber(ref.16)and Fr fromthedataofEckertandWeise(ref.22)are
plottedinthe.samefigure.Apparently,theconclusionalreadyobtained
by severalinvestigatorsforsubsonicflow(forexample,ref.22with
generaldiscussionsavailableinrefs.21and23)that Fr a @, regard-
lessofbodyshapeoraxialstation,is substantiatedby thepresent
resultsforsupersonicflowabouta cylinder.Thisresultisalsolmown
tobe validfora pointedbodyofrevolutionas showninreference24.
—.. —.-.= —___ —— —_- — --—
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Comparisonwithexactsolutionforheattransferon a cylinder:
u ‘1; %=0; #p- An exactsolutionfortheheattransferona
cylinderwasgivenby Goland(ref.17). Thesolutionpostulatescon-
stantgaspropertiesandhencewouldbe strictlyapplicableonlyto
incompressibleflowwith Tw/Tl intheneighborhoodfunity.As
alreadyqhownby comparisonwithexactvalues(fig.3),thebestresults
T
ofthepresentmethodareinerrorby about10percentat ~ ~ 1 forT1
stagnationflow.Nevertheless,a comparisonofthismethodwithGoland’s
exactsolutionwouldbe usefulasan indicationftheaccuracyofthe
presentmethodwithanarbitrarypressuregradient.
Forcalculationftheheattmnsferunderthemostgeneralcon-
ditions,thatis,in compressibleflowwitharbitrarypressureand
walltemperaturegradientsandarbitraryPrandtlnu@er nearunity,
it is convenienttowriteequations(32)and(33)in;thefollowingform:
dz
{
+2Z 2+L ( )[
‘1M12+ l+7~1M12 b; 1}A*+(Tw-l)T~q=z 2 U1 CE
2
c)
2kRoL 1 612+A ~
—— .
RILP*l A 6 (65)
and
where
.
z ‘%=—%~ (67)
-.
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and
ii=; (68)
Eqmtions(65)and(67)areofthesameformas equations(57)and(59)
intheprecedingsectionexcepthat te has
B1 #O. Subtractionfthemomentumequation
anduseof eqyation(15)for A/L resultsin
beenreplacedby ~ and
(32)fromequation(66)
= 1 dul
-.&ogE.
—
1
—
whichismore
thanequation
(69)
suitableforuseinthegeneralcomputationalprocedure
(66). Theone-dimensionaladiabaticenergyequation
dul 1 %
—=
U1 1+7 ;1%2M1
hasbeenusedinequatiori(69) fortheflowoutsidetheboundarylayer.
Thus,equations(65),(67),(68),and(69)aretobe solvedstitaneous~
for Z, A, ~, and B1 by a suitablemodificationfthemethodof
—
isoclines. e A* ~dThequantities~, –, ~ areallfunctionsof A
A2 A
and B1 as outlinedpreviously.
Forapplicationtotheproblemconsideredherein,equations(65),
(69),(67)’;and(68)reducetotheform
dz
“[ 5* 10- 13BI1 dul+2Z2+T+ (T.-1) J%—— = — Q ‘6+ A (70)E 15: 1~ RILA
,/
---——--———.——--- ————-. .—. ——— .— . - ——— —.
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.
(72)
a + ‘lBl+ #’k + ‘5%)
H=~=
e
(
~37 -$-g315 )
(73)
.
for B2 = B3 =0, sinceI@=O, u= 1,and Tw isa constant.Note
thatthegaspropertiesarenotnecessarilyconstant.
ThesameexpressionfortheNusseltnumberas givenby equation
canbe usedinthisproblemsince@l = T1 = Te = Tw forlow-speed
flow.~us, fromeqwtion(56)
(56)
(74)
Inasmchas the
transfervaluesonly
presentmethodisexpectedto
undercoollngconditions,the
supplyaccurateheat-
calculationhasbeen
TV
carriedoutfor —= 0.74.,~s valuegivesstarting~ues of A = 6.OO
T.
and B1 =1.516 f;omeqyations(55)- (52).Theresultsintheform
/&of Nu areshowninfigure5 togetherwiththecorrespondingvalues -
NACATN 3005 31
givenby Goland.Overtheforwardportionofthebodytheheat-transfer
coefficientsfromthepresentmethoddifferfromtheexactvaluesby
about7 percent;however,at leasthalfofthisdifferenceisdueto
theeffectofvariablegaspropertiesas shownbycomparisonofSquire’s
solution(ref.14)withtheresultsofreference13. Theassumptionof
equalthermalandvelocityboundary-layerthicknessesapparentlygives
goodresultsinthiscase.
Thecomputationprocedureforthisparticularproblemwasfairly
simplesincetheenergyandmomentumeqy.ationswerefoundtobe practi-
(
Tw
cal.lyindependent. — = 1 theseequationswouldbe entirely
\ ‘or T1
independent.) Thus,as a firstapproximation,B1 wasconsidered
.
constantandeqya.tions(70)and(72)werethenusedto computeZ and
A againstF. Withthiscurveof A againstZ, thequantities~
and B1 werecomputedfromequations(71)and(73). Thissecond
approximationforthe B
t
curvewasthenusedtorecomputeZandA
fromequations(70)and 72);however,ifallowanceismadeforcomputa-
tionalerror,thenewvaluesof A
APPLICATION‘IllFLOWWITH
arethesameasthefirst
EQUIL~ DISSOCIATION
values.
Ina recentpaperby Moore(ref.17)thelaminarboundary-layer
characteristicswithequilibriumdissociationwerecomputedfora flat
plate.Oneoftheconclusionsobtainedwasthattheheat-transferrate
perunitareaisessentiallyunaffectedby dissociationwhentheplate
temperatureisbelow2,500°R. Ifan analogousconclusioncouldbe
obtainedfortheflowinthestagnationregionof a blunt-nosebody,
theequilibriumdissociationwouldclearlybe expectedtokve little
effectontheheattrmsferatanypoint(inthelaminarflow)onan
arbitrarybody. Presumably,a heat-transfercalculationcouldbe
carriedoutonanybodywithknownvelocityandwalltemperaturedistri-
butionsby thepresentmethod(asindicatedinthesectionentitled
“GeneralMethodofSolution”).Inviewoftheabovestatement,however,
it isdesirableto computetheheattransferforthestagmtionflow
first.
Accordingtoresultspreviouslygiven(fig.3)fortheheattrsm.sfer
inthestagnationregionwitha perfectgasflow,thereislittlechoice
betweenthefourth-andfifth-degreet mperatureprofilesforthispur-
pose.Hence,forcomputationalsimplici~,a fourth-degreeenthalpy
“.
profilewithtwoedgeandonewallboundazyconditionisusedinthis
section.T%W, usingeqyation(26)to expressthedensiwratio Pi/P
as a functionofenthalpyandtakingthelimitingconditionsfrom
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eqmtions(9)and(10)for U1 approachingO (asindicatedpreviously
fora perfectgas)resultin thefollowingtwoshultaneousequations
for h and B1:
(?BE!37-~,.@.—PI315 3 144)
and
(75)
(76) -
The K’s areconstsmtsdependingonthevaluesofthestrefienthalpyhl,
thewalltemperatureTw,andthe b’s inequation(26).
Defininga
streamenthalpy
wallNusseltnumberinterms
as
ofthewallvaluesand ‘
andusingequation(31) fortheheattz%nsfergivea
Parameteroftheform
heat-transfer
5D
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whichisdirectlyproportionaltotheheat-transferrateforconstantTw
and hl. ~s parameterisplottedinfigure6 againsthl/~ for
Tw = 2,000°R. Theheat-t~fer valuesfora perfectgaswithno dis-
sociationarealsoplottedinfigure6 togetherwiththecorresponding
@ensi@changes.
Accordingto theseresults,theequilibriumdissociationhasa
negligibleeffectontheheat-transferrateata stagnationpoint.
Thisconclusionis,of course,tobe regsrdedwithcautionowingto
theinherentlimitationsofthemethod.Thus,forexample,thevelocity
andenthalpyprofileshapesarecontrolledonlyby streamandwallcon-
ditions. Thislimitationindicatesthatapplicationfthepresentmethd
to theflatplatewouldresultinno effectofdissociationas longas
thestreamsadwalltemperaturesarebelowdissociationvalues.Since
thisresultagreesqmlitativelytiththeresultsofMoore(ref.17),
tbeover-allprofileshapesareapparentlynottooimportantifthe
wallandstresmvaluescanbe givenaccurately.
Anotherdisadvantageofthepresentmethodforapplicationtodis-
sociation,flowisassociatedwiththeassumptionof equalthermaland
velocityboundary-lsyerthiclmesses.‘Thedissociationdataof refer-
ence17 showthatthePrandtlnumberincreasesto a maximumof5 or
.6forincreasingdissociation.Thisincreasewouldnormallyimplya
smallerthermalbounda~-layerthic~,ssin comparisontotheveloci~
thichess.However,asnotedpreviously,thecomputationsofreference20
indicatethatthethermalI_syerwouldbe about70percentof thevelocity
layerevenforan increaseinPrandtlnumberto 5 throughouttheentire
boundarylayer.Probablythen,thepresentresultsarefairlyreliable.
CONCLUSIONS
TheapplicationftheVon&m&-Pohl@usen integralmethodto
thelaminarboundarylayerofa flowingashasbeensimplifiedforthe
generalcaseofarbitrarystreamvelocityandwalltemperaturedistri-
butions. Theprincipalsimplif@ngassumptionsandproceduresme
(1)equalthermal.andvelocitybounda~-lsyerthicknesses,(2)linear
viscosity-temperaturerelation,(3)useof thefirstcoefficientinthe
polynomialforthestagnationtemperatureprofileas oneof theunlmowns
inthe.finalsolutionofthemomentumandener&yequations,and(4)appli-
cationoftheHolstein-Bohlenm thodtoavoidtheuseofthesecond
derivativeofthestreamvelocity.
Comparisonof theresultsofthepresentmethodwblshtheChapman-
Rubesinonisothermalf at-platesolution(Jour.Aero.Sci.,Sept.1949)
showsthatthesixth-degree(1wallboundarycondition,4 edgeboundary
——.—. —— ———— ..—— . ..— ——.— .—
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conditions),fifth-degree(2wallboundaryconditions,2 edgeboundary
conditions),andsixth-degree(2wallboundaryconditions3 edge
boundsryconditio=)stagnation-temperatureprofilesmaybe expected
toyieldaccurateheat-transfercomputationsexceptwhenthewall
temperaturedistributionsarecharacterizedby largegradientstoward
therearofthebody,a conditionwhichwouldseldombe realizedin
flight. Thereasonfortheerrorsinthepresentmethodunderthis
conditionisprobablytheassumptionof equslthermalandvelocity
boundary-layerthicbessesincetheexactsolutionofLevy(Jour.
Aero.Sci.,my 1952)showsthatthethiclmessofthethermalboundary
layerisreducedbyincreasingthewalltemperaturegradient.
On the’otherhand,theheattransferinthestagmtionregionof
a blunt-nosebodyisgivenaccuratelyonlyby thefourth-degree(1wall
boundarycondition,2 edgeboundaryconditions)andthefifth-degree
(2wa~ boundaryconditions,2 edgeboundaryconditions)thermalpro-
fileswhenthewalltemperatureislessthanthelocalequilibrium
temperature.Theerrorofthepresentmethodinthiscase,however,
appearstobe causedby theitierentlimitationsonthevelocitypro-
file(asshownby comparisonwiththeresultsofBrownandDonoughein
NACATN2479)ratherthantheassumptionofeqwl thermalandvelocity
bounda,ry-lsyerthicknesses.
Therecove~factorsonboththeflatplateandcircularcylinder
in supersonicflowwerecomputedsatisfactorilywiththefifth-degree
(2wallboundaryconditions,2 edgeboundaryconditions)profile.The
localrecoveryfactorsonthecylinderwereindependentoflocation
andnearlyequaltothesquarerootofthePrandtlnuniber.These
resultsareina~eementwiththosealreadyobtainedby severalinves-
tigatorsforsubsonicflow.
Theaboveresultstendto indicatethatthefifth-degreestagnation
temperatureorenthalpyprofilewillprobablygivethebestover-all
accuracyfortheheat-transfercalculationsby thepresentmethodon
an arbitrarybodyforthecaseofheattmnsferfromtheflowingas
to thesurface.Thisconclusionis substantiatedby comparisonofthe
resultsobtainedfromtheuseofthefifth-degreeprofilewiththe
exactsolutionofGoland(Jour.Aero.Sci.,July1950)fortheheat
transferora cylinder.
.
As an illustrationfpossibleapplicationsofthemethod,the
heattrsmferwascalculatedin thestagnationregion-ofa bluntbody
withequilibriumdissociation.According,tohiscalculationthe
equilibriumdissociationhasa negligibleeffectontheheat-transfer
rateata stagnationpoint.However,theresultsobtainedforthis ~
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extremecaseshouldbe takenas indicativeonlyof orderofmagnitude
becauseoftheInherentlimitationsofthemethod.
LsmgleyAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,
I@@ey Field,Vs.,June19,1953.
_.. ..— .-. _— ._. —.__—
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THEEFFECTOFLATERALRADIUSOF CURVATUREON SKtNFRICTION
SebanandBond(ref.25)havegivena solutionby powerseriesof
theincompressible-laminar-boundary-lsyereqpationsfora slender
circularcylinderwithaxisparalleltotheflow.Theconclusionwas
obtainedthatthechangesinheattransferandskinfrictiondueto
theeffectof lateralradiusof curvatureme negligibleuntilthe
squarerootofthebodyReynoldsnumberisoftheorderofor less
than100timesthebodyfinenessratio.
Theresultsofthissolutionsubstantiallyconfirmtheearlier
resultsofan approximatesolutionbyYoung(ref.26)inregardtothe
chamgesinskinfriction.YoungusedtheVon ‘Karm6n-Pohlhausenintegral
methodbutassumedtheveloci~-profileshapetobe invariantoverthe
entirebodylength.Althoughtheeffectsoflateralradiusofcurvature
arecertainJynegligibleforpracticalbodyconfigurationsat subsonic
speeds,theseeffectsmaybecomeappreciableat supersonicspeeds
becauseof thelargerelativeincreasesinwalltemperature.
Thepurposeofthisappendixisto showhowtheapplicationf
theVonK&rmdn-Pohlhausenmethodtothisproblemaybe shplified
forcompressibleflowbymeansofa modifiedDorodnitsyntransform-
ation.Thepressuregradientisassmd negligiblesincetheresults
me likelytobe ofimportanceonlyforbodiesofhighfinenessratio.
However,inaccordancewiththephysicalrequirements(evenforzero
pressuregradient)thedimensionlesstemperatureandvelocity-profile
shapesareallowedto changealongthebodylength.
Theboundary-layerequationsforthecaseof zeroaxial-pressure
_ent andcondmt ~ ad a arewrittenasfollows:
Momentum:
?Po=—&
(Al)
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.
&(Pur) + $(Pvd = o
Energy:
(A2)
Intermsofthestagnationtemperatured finedas
T* U2=T+— 2CP
equation(A3)msybewritten
Integratingequations
usingequation(A2) gives
pm ,
(Al)and(A4)acrosstheboundarylayerand
(A5)
(A6)
--.—. .———.-— _ _.
—---—— ..— — ——
Ifa modifiedDorodnitsyntransformation
is introduced,equations(A5)and(A6)canbe
WA TN 3005
oftheform
(A7) “
writtenas
(A8)
(A9)
Thewallboundaryconditionsfortheveloci~andstagnation-
temperatureprofilesarederivedfromeqyations(Al)and(A4)evaluated
aty=O. Whentheviscosityanddensi~relationsgivenbyequa-
tions(13)and(14)andthetransformationfromequation(A7)areused,
thesewallconditionsmaybewrittenas
and
(Alo)
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Notethat,for CY
consequently,the
39
= 1,theseequationswouldbe ofthesameformand,
velocity-profileshapew againstTI/bandthe
—
stagnation-temperature-profileshapet againstq/A wouldbothbe
exactlythesameifthesamenumberofedgeboundaryconditionswere “
usedinbothprofiles.Furthermore,if 5 = A (titha = 1),equa-
tion(A9)mustreducetothesameformas equation(A8),sothatunder
dT~theseconditionstheadditionaleqyality— = O isrequired.Theeffectdx
of thewalltemperaturegradientfora bodyofhighfinenessratiois
probablynegligibleexceptontheforwardpartofthebodywheretheeffect
oflateralradiusof curvatureis small.Thus,althoughtheresultsare
restrictedconsiderablythereby,theuseofthethreeassumptionsu = 1}
dTw
)
(b = A, and — . 0 shouldrevealthesalientfeaturesoftheeffectof
dx
lateralradiusof curvature.
Whentheseassumptionsareused,theveloci~andstagnation-
temperatureprofilesarewritten
z=ii=A1v*r+A2(ll*r)2 + A3(TI*r)3+A4(7*r)4 (A@
where,withthree
boun~ layer,
asymptoticboundarycok,titionsattheedge.ofthe
‘\
Al =
I
12;” = [*)W = (%)w-- ‘ -
A2=-;=~&]w=&]w
A3 = 3A‘ - 12
6
A4 = 6-A’
6
, -,.
(A13)
—-.— —._ __ _
—— .———__
———————.——————._— —._—
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Theexpressionfor A’ isthenobtained-fromeithereqmtion(AIO)or
(All)as
J
.
(A14)
for O< X’S 12.
USingequations(A1.2),(A13),and(A14)inthemomentumeqyation(A8)
gives
de.1~ (12+ X1)2
ax ~ ulLp*l A’
(A15)
.
fora circularcylinder~rw beingconstant). Thesameresultwould,of
course,be obtainedfromequation(A9)by usingtheassumptionsdiscussed
above.Thevaluefor e iscbtainedby inte~ationof theexpression
Differentiatingthiseqyationandusingecpation(Al~) for A gives
[
-z~’237 3
--()
1
-~(A’)2 37A’-~ -fi(hv
de 3%3 3 a.h‘
—-
dx 315P*1L 12+ A’ (12+A’F &
.
(m6)
forconstantrw. Equating(A15) and(u6) thengivesa uniquereka-
tionbetweenA‘ and ~ as
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.
(5rw2 P#lL”()(%?=—— —35L~
—
37A‘- :(A’)2-
1
~A’)3 37(A’)2- .Qx”- 5(X1)4‘3 144 ~,
(M+A’)3 - (12+ X*)4
(D7)
Integrationfeqyation(A17) thenresultsin
X*() {
(A’)*+22(A’)3
~
_661 74+T
E2- —-%Plx 35 72 ~(12 +h’)- 6(W*:~,,+ (12+r)2 +
Pw
[
37 A’ 1&(N)2(w+a—-_-39 [(log 12+x’) -
1
log14 (JU8)
(12+ A’? =
Thus, h’ turnsouttobe a functiononlyofthelocalbodyfineness
P#.lIx
ratiox/~w andthewallReynoldsnumber—.
Pw
Thelocal”skin-frictionc efficientisdefinedas
ortransformingto q*r andusingequations(A13) and(A14)resultsin
A\
Thesld.n-frictioncoefficientfortheflatplate
(JQ9)
withconstantwall.
temperatureis
-— -. .—.—-.— ——— .— —— ——- -— —
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andisderivedfromeqyati.on(~). Thus,formingtheratiooftheskin- .
frictioncoefficientofthecylind=tothatoftheflatplategives
Cf rz 315drw—=CfP
r
Y W“lx
%
where A’ isa function
localhea&transferrate
ortransformingto q*r
The
of ~ fromeqyation(IiL8).Similarly,the
is
andusingequations(A13)and(A14)give
~ (l+!+A’)2%=- & ~{~1 - Tw)z ~,
correspondingexpressionfortheflatplateis
~p=-
Ir r
~ %.@*l - Tw) & *
.
since,withtheassumptionsu edherein,namely,u = 1, 5 = A, and
%
— = O, thetemperatureprofileontheplateis
&c
T TW 7-1
(}
T*l ~
—=— -
T1 T1
~Mf#+ ~-——
Tl
.
(A21)
.
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(Withthepresentassumptions,this&ametemperatureprofilealsosatis-
fiesequations
relationsfrom
havealsobeen
resultsin
The
eqution
relation
Themem
(Al)and(A3)fortheslendercylinder.)
equations(12)and(40)with A = O and
usedto form ~ . Formingtheratioof
P
% ‘f
qwp
.-$
P
Theflat-plate
~ constant
%&p then
(A22)
meanskin-frictioncoefficientisobtainedby integrating
(A19)from x = O to x = L andusingequation(A17)a= the
between& and dA’. Theresultis
[
—
2rw%cf=——— 12+71’5- 3
492
105L P1 ---~ ‘X1)3U+h 14412+ A’
skin-frictioncoefficientontheflatplateis
Theratioofthemean
——
Cf = {F4m_1P
r
315 PI PIUIL
l—
skin-frictioncoefficientforthecylinderto that
oftheflatplateis
where A‘ mustcorrespondtothevaluesfromequation(A18)with x = L.
. . ..—.— .— ._—_
———— —. .
(.
h figure7, equations(M) and(A23)areplottedagainst
rE:w!&=— whichissimilarto theparameterusedby SebanandBond-
(ref.~). Theratio cf/cfpfromreference& isplottedagainst
E’=:
r
& in figure7.
Plulx
Figure7 showsthattheresultsfromthepresentmethodareti-
goodagreementwiththosefromreference25 ifthestreamReynolds
numberplV1X/ylinreference3 isreplacedby thewallReynolds
number~lx/~. Thecompressibilityeffectontheslendercylinder
isthusapproximatelyaccountedforby evaluatingthegasproperties
at thewallratherthsninthefreestream.Thisresultmighthave
beenanticipatedinviewofa discussioninreference27onthecom-
pressibilityeffectinthelaminarboundarylayer.
Theeffectsofthelateralradiusof curvatureonboththeskLn
frictionandheattransferareincreasedover
inalmostdirectproportion
withthe
example,
presentassumption
considera b@y of
IQL = 2 X 106
at therearof
to Tv/Tl since
m
!%
_-%El
T1
fortheviscosity
firienessratio15
theincompressibleeffects
variation.As a practical
at Ml = 5.00 an~
with 3=5. Undertheseconditionsthevalueof 5L
M
thebodyis
L/r
EL= w = O.11
(EL i.S theVd_ue Of E where x = L.) Then,fromfigure7 thelocal
sldn-frictionandheat-transfercoefficientswouldbe about20percent
greaterthanthoseona flatplateforthesamestreamconditions.The
meanskin-frictioncoefficientand,incidentally,thetotalheattransfer .
wouldbe about7 percentgreaterthanontheplate.
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U I.- NUMERICALVALUESOF m FOR KJMTION (35)
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